Absfracl-This paper a d d m m problems of robot naviga. tion with nonholonomic motion constraints and perceptual cues ansing from onboard visual SeNOhg in partially enpineered environments. We focus on a unicycle motion model and a variety of artificial beacon constellations motivated by mlevance to the autonomow hexapod, RHex. We pcopose a general hybrid pmceduw that adapts to the constrained motion setting the standard feedbsek controller arising from a navigation function in the fully acluated cage by switching back and forth between moving "down" and "aemss" the associated gradient field toward the stable manifold it induces in the constrained dynamics. Guaranteed to avoid obstacles in all cages, we provide some reasonably general m c i e n t conditions under which the new pmcedure guarantees convergenm to the goal. Simulations are provided for perceptual models previously introdud by other authors.
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I . INTRODUCTION
The literature on navigation of nonholonomically constrained bodies is extensive. Most work has been focused on systems with no sensory constraints. Khennouf et al. [9] and Lno et al. [I31 use invariant manifolds; Astlofi [I] , makes the system discontinuous and stabilizes it by continuous feedback control: Tayebi et al. [ In general, applying a smooth feedback control law to a nonholonomically constrained system introduces a center manifold in the configuration space. The goal ties on the center manifold and attracts all initial conditions on its (generically transverse) co-dimension one stable manifold (a leaf of the foliation [61 generated by the constraints), lkeda et al. [7] introduced the notion of Variable Constraint Control (VCC) in which a feedback controller is designed to achieve an invariant manifold that goes through the goal, in effect, picking out a distinguished trajectory lying within the goal's stable manifold. The elegant formulation allows reaching the goal in two steps but has some shortcomings: the first step aims only at a specific, one-dimensional trajectory. instead of the entire goal's co-dimension one stable manifold. Moreover, it is not obvious how to integrate perceptual limitations in the resulting control law.
Other authors focus specifically on problems of percep mal limitation. Ostrowsky In this paper, we seek to decouple the (typically holonomic) perceptual constraints from the (typically nonbolonomic) motor constraints by adapting an "arbitrary" navigation function [IO] to an "arbitrary" nonholonomically constrained first order mechanism operating in the configuration space comprising the navigation function's domain. The encoding of bolonomic constraints via navigation functions is a very effective means of constructing "designei' basins around specified goal points for fully actuated first and second order mechanisms. For example, in visual servoing applications, the navigation function takes into account external constraints like limited field of view, obstacles and so on. We are particularly interested in extending Cowans work on navigation with visual beacons to the robot RHex [19] , but we will introduce a considerably more general framework for solving such problems.
We introduce a two step controller: the hrst moves on level sets of the gradient function so as to reach the goal's stable manifold; the second uses the gradient control law to reach the goal. If, as is generally the case, a closed form representation of the stable manifold cannot be found, an approximation can be used. In any case, by iterating successive applications of both controllers the robot is guaranteed, under fairly general conditions, to reach the goal without hitting any obstacle along the way.
CONTROL LAW
A. Adapting navigation functions to noholonomically constrained systems As in [7] consider the first order drift free underacmated system described by: M can be interpreted as a projection into the available directions of motion with constraints defined by B. Then if we let U = B(q)tu rewrite equation (1) as: 
B. Moving on a level set of p
Since (3) drives the robot to a point on W c that will generally be removed from the goal, we find a controller that first reaches the stable manifold W 3 by moving on level sets a-. By doing so the robot is guaranteed not to hit the obstacles.
Suppose we can find a vector field f such that:
Where TL'(q) is the tangent space of the level sets of 9 at q and 5 ( M ) is the image of M. By construction, 9(q) = cmst is an invariant submanifold of the system Q = f(q).
To see this, we simply take the total derivative of 9 and n o t e t h a t~~V 9 . q = V 9 . f a n d f E T L f ( q ) n~( l M ) + f E TL'(q). Hence, by definition of the orthogonal
Since B(q) is assumed to be full rank, there exists a
If dim(kerM) = n -2 then' f can be implemented using a generalized cross product: 
19)
Given such a consmction for j whose flow moves along level sets, 9 , of p within the span of M, we now seek to reach the stable manifold at the goal of equation (5).
Consider the system:
Where U : V ---t R is a scalar function. Any vector field of the form u(q) f (q) verses the requirements of (7) since TL' n 5(M) is a linear space. Suppose we can find a
is guaranteed take its limit set in W', as we now show by noting that p plays the role of a Lyaponov function for (10): (4) . f(dT < 0, Vq 6 w s La Salle's theorem states that every solution of (10) approaches the largest invariant subset of W s as t + ca. 
D. Iterative controller when W 3 i s unknown
In general it may not be easy to find a closed form representation of the stable manifold W E .
A sufficient hut not necessary condition for convergence to the goal is that we c a~f i n d an approximation of the stable manifold of the form W 9 = { q E B" : p ( q ) = 0}, such that @ = (the restriction of 'p to an open neighborhood of W " ) is a Lyapunov function.
Proposition 1:
For every initial condition outside the center manifold W e of system (5). applying f l followed by f i intermittently conveEes to the goal 4 ' .
Proof: Let f ; be the flow gener%ed by 8 ( q ) f (4 
Apply a change of coordinates to get:
Let J = Df(0). The Center Manifold Theorem for
Flows states that the eigenspace generated by the eigenvectors with negative eigenvalues of J is tangent to the stable manifold W 3 at the origin, Let R' he the change of basis for the real Jordan canonical decomposition; A1 0 ...
where Ai are real eigenvalue blocks. Notice that A, are sorted so that the zero eigenvalues are on the bottom. Next To find an $-order approximation of W s replace g and f by ijk and f k on equation (13) Here we have n = 3 and m = 2, therefore (14) reduces to one equation:
The 2nd order coefficients can be computed by solving the linear set of equations:
Resulting in:
The 3rd and higher order coefficients are computed in a similar fashion. Note that the curyature of W 3 at the origin is computed by r& -r0,2,h,o. The final system uses the pullback of, h to bring the velocities Vp back to SE(3):
The previous navigation function was developed for a fully actuated body and implemented on the robot RHex [191.
However, the strength of empirical experience suggests that RHex's horizontal plane behavior is modeled by a quasistatic unicycle. Figure 2 illustrates a simulation of the system (3) using the following set of controllers, where M and A are de6ned for the unicycle in (16). U is given by a 1st order approximation of W E .
The numerical simulations show that the navigation function introduced by Cowan can be reused with no modifications. Notice that on the plane the robot executes a parallel parking maneuver. Although it is well known that for the unicycle the parallel parking motion is required to move sideways, the trajectory obtained on the plane is a natural consequence of moving on a level set of the navigation function. The navigation function enforces that the robot does not hit the obstacles, since doing that would require puncturing the level sets away from the goal. Obstacles are introduced on the field of view so that the robot maintains a range of distances to the beacon and keeps facing it:
Consider the following potential function: A squashed version of +, as in (17), is used on the controllers (19). Figure 3 illustrates the resulting numerical simulations. Once again, the robot executes the parallel parking maneuver. Simulations suggest that the robot reaches the stable manifold W s more efficiently if it moves on a level close to the obstacle.
v. CONCLUSIONS AND FUTURE DIRECTIONS
This paper introduces the idea of reusing navigation functions developed for fully actuated bodies on motion 
